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Appendix 1

Velocity of Flow Equations

In the 18th and 19th centuries three principal equations for the velocity of flow in open channels and
pipes were developed. These are:

(1) The Chézy equation,

(2 The Gauckler-Manning equation, and

(€)) The Darcy-Weisbach equation.

The Chézy and Gauckler-Manning equations are related as the Ganguillet-Kutter equation for the
Chézy coefficient of flow resistance includes the Kutter roughness coefficient, n which is identical to
that used in the Gauckler-Manning equation.

The Darcy-Weisbach equation introduces the Darcy-Weisbach friction factor, f, which for turbulent
flow in both rough and smooth pipes is given by the Colebrook-White equation used in modern
sewer design (see, for example, Butler and Pinkerton, 1987).

To these three equations, we can add a fourth:

(4) the Escritt equation,

also used in modern sewer design (Escritt, 1984).

The discussion that follows is based principally on Chow (1959), Yen (1992) and Chanson (1999).

Al.1 THE CHEZY EQUATION

Antoine Chézy developed his equation for the velocity of flow in 1775 (Chézy, 1776):
v = Cep "2 i"? (A1.1)

where Cgy, is the Chézy coefficient of flow resistance, defined by the later Ganguillet-Kutter equation
(Ganguillet and Kutter, 1869) as:

Ccn = {23 + (0.0155/i) + (1/n)} / {1 + [23 + (0.0155/i) (n/r*?)]} (A1.2)

where n = Ganguillet-Kutter roughness coefficient (dimensionless, but see Section A1.2.1).

Al.2 THE GAUCKLER-MANNING EQUATION
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As noted in Section 2.3, the Gauckler-Manning equation was developed by Gauckler (1867, 1868)
and Manning (1890) (and also by Hagen, 1881; see Cunningham, 1883). The original form of the
equation was:

v=Cgur2?i¥? (A1.3)

where Cgy is the Gauckler-Manning coefficient of flow resistance, now taken as the reciprocal of n in
the Ganguillet-Kutter equation (n is now known as Manning’s n, rather than as Kutter’s n).

Strickler* (1923) gave the following equation for n:
n=d2>/21.2 (A1.4)

where dsg = median sediment diameter, m.

Strickler’s equation for n is important as it was the first to attempt to relate the coefficient of roughness
to sediment size, a concept later developed by Nikuradse (1933) in his use of an equivalent sand
grain size as a measure of the effective roughness height (ks). Williamson (1951) used Nikuradse’'s
adjusted data to give the following relationship between n and ks:

n=kX°/26.4 (A1.5)

where Ks is in m (the value of ks is commonly given in mm, but its unit in equations Al1.5, A1.6, A1.7
and A1.10 is m).

Al2.1 Dimensions of n

The original metric version of the Gauckler-Manning equation (i.e. for v in m/s and r in m) is equation
2.13:

v = (1/n) r 232 (2.13)

The corresponding “English” version (for v in ft/s and r in ft) is:
v = (1.486/n) r 232 (2.13a)

The numerical values of n used in equations 2.13 and 2.13a are the same (for example, 0.013 for
slimed sewers). Thus, assuming that the two numerators (1 and 1.486) are pure numbers (i.e.
dimensionless), the dimensions of n would be T L™, Chanson (1999), for example, gives the units of
n as s/m*®. However, as pointed out by Chow (1959), it is not reasonable for n to contain a
dimension of time since it is a measure of surface roughness, and therefore should contain only some

dimension of length.

If the numerators (1 and 1.486) are not considered pure numbers, but rather to contain g (which has
units of m*?/s), then there are two possibilities (Chow, 1959):

1/3

either the numerators have the dimensions of L* T and n is dimensionless,

orlltshe ntljlrg1erators contain only g, &6 kawvirg tha dimansion of LY for n (i.e. n has units of
m=" or ft™).

In fact Chow (1959) shows that:

n = [@(r/ks)] ke (A1.6)

Y In France and francophone countries the Gauckler-Manning equation is generally known as the
Manning-Strickler equation with Cgy written as k (see Carlier, 1985).
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where ks is the Nikauradse equivalent sand grain size which has the dimension of L. Assuming that
@(r/ks) is dimensionless, equation A1.6 confirms that n has the dimension LY (as indeed shown by
equations Al1.4 and Al.5, assuming their denominators are pure numbers).

Chow (1959) further points out that:

(1) if n is considered dimensionless, then the conversion of the metric form of the equation to its
English form involves conversion of the length dimension of the numerator (L*?), that is the
conversion of m*® to ft'*. Thus, since 1 m = 3.2808 ft, the numerator in the English equation
is 3.2808"°, i.e. 1.486, and so equation 2.13a is obtained.

(2 if n has the dimension of L*®, then its values in equation 2.13 and 2.13a cannot be the same
as the factor 3.2808° (= 1.219) must be involved. That is to say, if n is the value in metric
units and n’ that in English units, then

n'=1.219n (2.13b)

and since n and n’ have dimensions of L'®, the numerators now have the length dimension of

L¥3* 16 i.e. L. The English numerator is thus 3.2808?, i.e. 1.811, and the English form of
the equation is:

v=(1.811/n)r 232 (2.13c)

Substituting equation 2.13b:
v=(1.811/1.219 n) r #*i*?
= (1.486 /n)r i (2.13a)

Thus equation 2.13a can be obtained both on the assumption that n is dimensionless, and if it has the
dimensions of L¥®. As noted by Chow (1959), it was simpler for those working in the late 19th and
early 20th centuries to take n as dimensionless and use the same value for it in both the metric and
English forms of the equation (and so avoid the incongruity of using n = 0.013 m™®, for example, in
equation 2.13a which otherwise contains only English units). However, from the point of view of
modern fluid mechanics, it is clearly preferable to consider that n is related to the Nikuradse
equivalent sand grain size and thus, from equation Al1.5, has dimensions of L.

Al1.2.2 A modern form for the Gauckler-Manning equation

Dooge (1992) completes his erudite review of Manning’s equation with the following paragraph (which
we might amend only to refer to both Gauckler and Manning):

“If Manning were with us today he would be pleased to learn that his formula was still being widely
used. However, he would probably argue trenchantly that the formula should be written in the form:

V=M (r/ k)" (gri)” [(A1.7)]
so that M would be a dimensionless constant varying slightly with the shape of the channel. Manning
would also probably recommend strongly a carefully planned series of experiments to determine M for
the range of shapes of cross section important in engineering practice. He would be right to so argue
in both cases.”

From equations 2.13 and A1.5 the value of M in equation A1.7 can be shown to be 8.4.

Al.3 THE COLEBROOK-WHITE EQUATION

The Darcy-Weisbach equation, developed by Weisbach (1855) and the basis of the modern
Colebrook-White equation, is given by:
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v={Bg/f)r?i? (A1.8)

where f is the dimensionless Darcy friction coefficient. Inspection of equation A1.8 shows that the
term +{Eg / f) is the Chézy coefficient, Ccy, (see equation Al.1).

The definition of f has occupied many hydraulic engineers over the past 150 years, and equations for

laminar, transient and turbulent flow were developed to relate f to the Reynold’s number (R.), defined
as:

Re=vr/u (A1.9)
where v = kinematic viscosity, m?/s.
For turbulent flow (R > 25 000) in both smooth and rough pipes f is given by the Colebrook-White
equaticz)n (Colebrook, 1938; see also Butler and Pinkerton, 1987 and H R Wallingford and Barr,
1994):

1/f2 = - 2 log [(ks/14.8r) + (0.63/Rf*?)] (A1.10)

Al.4 THE ESCRITT EQUATION

Escritt (1984) gives his equation for wastewater flow in circular sewers in the form :
v = 26.738 D% i12 (A1.11)

where v = velocity of flow, metres per minute
D = diameter, millimetres

Changing the units of v to m/s and D to m and writing D as 4r gives:
v=(1/0.013) r %622 (A1.12)
The hydraulic radius, r in this equation is “not the cross-sectional area divided by the wetted
perimeter, but averaged, with remarkable accuracy, the cross-sectional area divided by the sum of
the wetted perimeter and one-half the width of the water-to-air surface” (Escritt, 1984), that is:
r=allp+ (b/2)] (A1.13)
Equation A1.12 shows the Escritt equation to be a variant of the Gauckler-Manning equation, with n

taken as 0.013 for slimed sewers, and with r defined by equation A1.13 and having the exponent 0.62
rather than 2/3.

2 Different values of the constants 14.8 and 0.63 in equation A1.10 are used in the Colebrook-White
equation given by both Butler and Pinkerton and HR Wallingford and Barr, as these authors give the
equation in terms of D rather than r (D = 4r), and they define R, as vD/u rather than as vr/uv.

% Based on their measurements on the Mississippi River, Humphreys and Abbot (1861; cited in
Dooge, 1992) give an equation for the velocity of flow in large streams which contains the term
al(p+hb).
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Appendix 2

Comparative Simplified Sewer
Design Trials

The simplified sewer design examples given by UNCHS (Sinnatamby, 1986) and the World Bank —
UNDP (Bakalian et al., 1994) were used to compare the results obtained using (a) the Gauckler-
Manning equation, (b) the Colebrook-White equation, and (c) the Escritt equation, which are
described in Appendix 1.

A2.1 UNCHS DESIGN EXAMPLE

The design example for the in-block sewer shown in Figure A2.1 (Sinnatamby, 1986) was used to
compare the results obtained with the three velocity of flow equations. The original design (Table
A2.1) was based on achieving at peak flow a self-cleansing velocity of 0.5 m/s, rather than a minimum
tractive tension of 1 Pa. The results of the comparative design trial are given in the Table A2.2 and
A2.3 for the three equations both for a minimum self-cleansing velocity of 0.5 m/s (using the design
equations given in Mara, 1996) (Table A2.2) and for a minimum tractive tension of 1 Pa (using the
design equations given in Section 2) (Table A2.3).

Minimum self-cleansing velocity (Table A2.2)

The calculated values of the sewer diameters are all < 100 mm, which is therefore the diameter which
would be selected for the whole of the in-block sewer. The values calculated from the Gauckler-
Manning and Escritt equations are within 1-4 mm, with the former giving the smaller values. The
diameters calculated from the Colebrook-White equation are the largest, and larger than the
Gauckler-Manning diameters by up to 12 mm.

Minimum tractive tension (Table A2.3)

The calculated diameters are larger than those calculated for the minimum self-cleansing velocity
(Table A2.1) by up to 9 mm (but I, is a third lower). The comments made above for minimum self-
cleansing velocity are equally applicable here. An additional point is that for three sewer sections
(B1-1, B1-2 and B1-3) the Colebrook-White equation gives a diameter just above 100 mm, whereas
those given by the other two equations are below it — thus the output of the PC-based design must
include calculated diameters as well as selected (i.e. commercially available) diameters, so that the
output can be manually checked and adjusted (here, in the case of the Colebrook-White calculated
diameter of 102 mm, the diameter chosen by manual checking would be 100 mm, rather than the next
available size of 150 mm).

Examination of Tables A2.2 and A2.3 indicates that the preferred velocity of flow equation is the
Gauckler-Manning equation.
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A2.2 WORLD BANK — UNDP DESIGN EXAMPLE

The design example, given in Bakalian et al. (1994) and detailed below, was also used to compare
the three equations for a minimum tractive tension of 1 Pa.

Design example
Design an interceptor sewer for a town with a current population of 10,800 which is expected to grow
to 14,400 in 10 years time. Data: water consumption, 250 litres per person per day; return factor,
0.80; peak flow factor, 1.8.
The results of the comparative design trial are as follows:
€)) Gauckler-Manning equation (n = 0.013)

Sewer gradient: 0.001 m/m

Sewer diameter: 392 mm
(b) Colebrook-White equation (ks = 1.5 mm)

Sewer gradient: 0.001 m/m

Sewer diameter: 403 mm
(c) Escritt equation

Sewer gradient: 0.0009 m/m

Sewer diameter: 403 mm
As with the UNCHS design example, the Colebrook-White and Escritt equations give a diameter just
above a standard pipe size (400 mm), and the Gauckler-Manning equation one just below it —
confirming (a) that the PC-based design output requires manual checking to avoid the selection of the

next largest diameter (in this case 450 mm); and (b) that the Gauckler-Manning equation is the
preferred design equation.
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Figure A2.1 In-block sewer layout for UNCHS design example. Source: Sinnatamby (1986).
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Table A2.2 Hydraulic calculations for UNCHS in-block simplified sewer design
example using the Gauckler-Manning, Colebrook-White and Escritt equations
for a minimum self-cleansing velocity of 0.5 m/s and a minimum flow of 2.2 I/s

Sewer diameter (mm)b calculated from

Sewer section Sewer gradient® G-Manning C-White Escritt

(Figure A2.1) (m/m) equation® Equation® equation®
B1-1 0.006 81 93 82
B1-2 0.006 81 93 82
B1-3 0.006 81 93 82
B1-4 0.013 75 80 71
B1-5 0.010 73 85 75
B1-6 0.010 73 85 75
B1-7 0.020 64 74 65
B1-8 0.020 64 74 65
B1-9 0.020 64 74 65
B1-10 0.015 68 78 69
B1-11 0.020 64 74 65
B1-12 0.015 68 78 69
B1-13 0.010 73 85 75
B1-14 0.015 68 78 69
B1-15 0.015 68 78 69
B1-16 0.011 73 84 74
B1-17 0.020 64 74 65

& Minimum gradient = 0.006.

® Sewer diameters given are those calculated rather than rounded up to next available diameter.
¢ Equation 2.13 with n = 0.013.

d Equations A1.8 and A1.10 with ks = 1.5 mm.

¢ Equations A1.12 and A1.13.
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Table A2.3 Hydraulic calculations for UNCHS in-block simplified sewer design example using
the Gauckler-Manning, Colebrook-White and Escritt equations for a minimum tractive tension
of 1 Pa and a minimum flow of 2.2 I/s

Sewer diameter (mm)b calculated from

Sewer section Sewer gradient® G-Manning C-White Escritt

(Figure A2.1) (m/m) equation® equation® Equation®
B1-1 0.004 87 102 90
B1-2 0.004 87 102 90
B1-3 0.004 87 102 90
B1-4 0.013 70 80 71
B1-5 0.010 73 85 75
B1-6 0.010 73 85 75
B1-7 0.020 64 74 65
B1-8 0.020 64 74 65
B1-9 0.020 64 74 65
B1-10 0.015 68 78 69
B1-11 0.020 64 74 65
B1-12 0.015 68 78 69
B1-13 0.010 73 85 75
B1-14 0.015 68 78 69
B1-15 0.015 68 78 69
B1-16 0.011 73 84 74
B1-17 0.020 64 74 65

& Minimum gradient = 0.004

® Sewer diameters given are those calculated rather than rounded up to next available diameter.
¢ Equation 2.13 with n = 0.013.

4 Equations A1.8 and A1.10 with ks = 1.5 mm.

¢ Equations A1.12 and A1.13.
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Appendix 3

Hydrogen Sulphide Generation

Hydrogen sulphide generation in sewers leads to microbial corrosion of the crown of concrete and
asbestos — cement sewers (Figure A3.1). The likelihood of H,S generation is given by Pomeroy’s
(1990) Z factor:

Z =3 (BODs) (1.07) "% i 2 q ™ (p/b) (A3.1)

where BODs
T

5-day, 20°C biochemical oxygen demand of the wastewater, mg/I
temperature, °C

sewer gradient, m/m

wastewater flow, I/s

wetted perimeter, m

breadth of flow (see Figure 2.1), m

T Qo —

and 3 is the conversion factor resulting from changing the units of g from ft*/s in Pomeroy’s original
equation to I/s.

droplet of
condensation
water

(not to scale)

Figure A3.1 Microbially induced corrosion of the crown of concrete or asbestos cement sewers:
sulphates in the wastewater are reduced anaerobically by sulphate-reducing bacteria to hydrogen
sulphide, some of which leaves the wastewater to raise its partial pressure in the atmosphere above
the flow (Henry's law), and then some of this H,S goes into solution (Henry’s law again) in droplets of
condensation water clinging to the sewer crown — this H,S is oxidized by the aerobic bacterium
Thiobacillus thioparus to sulphuric acid (H,SO,), which corrodes the concrete. Sewer crown collapse
within 10-20 years is not uncommon.

The value of Z calculated from equation A3.1 is used diagnostically as follows:
Z <5000: H,S generation unlikely

5000 < Z <10 000: H,S generation possible
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Z >10000: H,S generation very likely

With simplified sewerage, hydrogen sulphide generation can be expected to be a common problem.
For example, for a flow of 1.5 I/s of wastewater with a BODs of 250 mg/l at 25°C in a sewer laid at 1 in
214 and flowing at a proportional depth of flow of 0.2, Z can be calculated as follows, using equations
2.4, 2.6 and 2.8 to calculate p/b for d/D = 0.2:

/2 = cos™[1 -2 (d/D)]
= 0.927 radian
p/lb = (8/2)/sin (6/2)

1.159
Z = 3x250(1.07)° (1/214)"* (1.5)™° (1.159)
= 16 000

Thus H,S generation is very likely, and this is why the small diameter pipes used in simplified
sewerage schemes should normally be of either vitrified clay or PVC.
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